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SUMMARY

The principle of duality for a wide class of distributed parameter systems is developed in this paper. The necessary
and sufficient conditions for the primal control problem are utilized to derive the dual and converse dual theorems of
the dual problem. An example of the temperature variation in a slab is given to show the application of the theory.

1. Introduction

A number of problems in the engineering field may be alternatively solved by using a duality
principle. It is well known that the solution of either a primal problem or a dual problem can be
solved from the solution of the other. It is sometimes computationally convenient to solve the
dual problem. Principles of duality in lumped systems have been studied extensively [1, 2, 3];
however, the dual theory in distributed parameter systems has not been explored in the litera-
ture. It is the purpose of this paper to derive the dual and converse dual theorems for the
optimum control of a wide class of distributed parameter systems. To complete the derivations
of theorems necessary and sufficient conditions for the primal control problem are also in-
cluded. The background material of relevance for the derivation can be found in [2, 4, 5].

2. Notations and Assumptions

F(x(T, y), T), folt, y, x(t: ¥), xx(t, ), u(t, ), and H(t, y, x(t, y), x,(5, ¥), u(t, y), A(t, y)) are
scalar functions with continuous derivatives up to and including the second order with
respect to each of its arguments. f(t, y, x(t, ), x«(t, y), u(t, y)) and h{t, y, x{(t, y), u(t, y)) are,
respectively, n- and [-dimensional vector functions with continuous derivatives up to and
including the second order. x, 4, 4, p, &, 1, and 7 are, respectively, n-, r-, n-, I-, n-, -, and I-dimen-
sional functions of ¢t and y, where y is an m-dimensional spatial coordinate vector belonging
to a region Q and 0Q denotes the boundary of Q. u is required to have piecewise continuous
first and second derivatives for te [t,, T} and ye Q (the closure of Q). x and 1 are continuous in
te[to, TJand ye Q. x,, 4, p, & 1, and t are continuous functions of ¢ and y except possibly for
values of ¢ and y corresponding to points of discontinuity of u. The superscript T for ()7
denotes the transpose of (- }and subscripts denote partial derivatives. H, and H, are the gradient
vectors of H with respect to x and u, respectively. Similar notations are applied to scalar func-
tions of F and f,. h, and h, (or f, and f,) are the Jacobian matrices of 4 (or ') with respect to x
and u, respectively. The notation x(t, y)=*x(t, y)/dy* indicates all possible derivatives

ax  Ox ox ghitlat . thmx (¢ y)
Ay, 8yy” T 0y T OyboyR..oykr

>

where k=k; +k,+...+k,,.
The following functions x,, H ., and (k] p), mean

ox 0| o OH 0 . r :
P ox l:é? <a<§k_’f)>] and e (kT p), respectively.
0y
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The vector p>0 means that all its components are positive. p =0 means that all the compo-
nents of p are non-negative and at least one component is positive. Several examples of nota-
tions forx = (x,, xz), u=(uy, uz)n y=1 )’2)’ h=(h, h,, h3)= p=(p1, p2s P3), {=(¢4, &,), and
1=(n1,n,) are illustrated as follows:

?x, 0°xy 0*x; 0%x, 0°x, 0°x,

(1) x,2 gives six terms , , , , ,  an .
)% 0yt 7 dy: T ayi 8y, 0yi’ 8y3 8y1 0y,

0H
(2) ny2: ] (62x>
oy*
= col oH oH oH oH o0H oH
R DR AN 2x)\ 0%xy \ L [0%x,\ T L (0%, ] 0% x,
057 o(5g) © 0(%3) 052 o *>
C 0y1 0y3 0y10y, oy1 0y3 0y a)fz
82 oH
oy* _
_Colaz'aH"+az 0H +az' 0H
B ay: 6(52x1> ay3 a<62x1> 0y10y, a<52x12> ’
L\ oyt /] 0y3 L\ 8y, 0y
az‘aH-'+aZ 0H N o | o6H
oyt 6(62x2> a3 a<52x2> 0y10y, 3 62x2>
L\ ot/ ay3 L kﬁylayz
oH CHLNT.
ox, 0x, &
(4) (Hx Zy‘zx)Té =
¥ OH | OH, ¢
0x,  0x, 2
_ oA, OH 5 0H ¢ oA,
- COL(él 0x4 & ox, ’ < 0x, & 0x, >’

where #; and 5, are the components of the column vector in example 3.

oN\T oNT 0 oH 0 -0 oH
il = (—— T e e (6 —— —
6)(5) (o9 = (5) 695 i 6 75 9
L. ayz a)’%
e | 0 0H ] 0 0 o0H
— il o Nex,) — —
* 0y: (5XZ) 0y1 P <(32x2> o 0y4 ( XZ) 0y, P < 82x2>
Y A
L 0yt /4 0y10y,
ol 0 oH ] 0 i oH
F o (0% —m—| + = |(0%2) — —
aJ’2_ ( 1) 0y, P (azlxl) 0y, ( 2) 0y, P <62x2>
L 0y ) | oy3
o |, G, oH
o, (‘3’°1>a—yiﬂa<a2xl> |
0y10y,
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(6) It follows from example 5 that H, ,,=0 at the boundary of (y;, y,) and t = T means that
the following six terms

6 o6H o 9H @8 9H 3 oH 3 UH
a)ﬁ P <(32 ) 0y P (62)622> > 0y, 3 < 523‘2) " 0y, 3 <62le> "0y, P <52x22> ’
dy? dyi 0y10y, 9y3 0y3
and
0 oH ’
—— ——=5—— are equal to zero at the boundary of (y,, y,)and t=T
0y, p 0 x1>
<6y15y2
ohy 0Oh, Ohy ) op;  Op:
o (|ouy, ou; ouy || x; 0x,
Ty 9 1 1 1 — 1 2
LTRSS | EA A | el
Ou, Ou, &u, Ps Ox, 0x,
where
oh, Ohy Ohs .
L= =1,2.
Di B, p1+ E P2t = o, Ps> =1,

3. Statement of Primal Problem P

Find the optimum control u*(f, y) so as to minimize the functional

T
J,= j F((T, ), )2 + j t L Folts v, x(t, V), et ¥), u(t, y)]d Qe (3.1)
subject to the constraints
x(t, y) = f[t, y, x(t, ¥), xx(t, ), u(t, y)] in Q (3.2)
hi(t: y:x(ta y)a u(ta y))éoz l=1, 2: al (33)

with the initial and boundary conditions
x(tO: Y), x(ta J’)|ag, xy(t’ y)laﬂs ey xy"*‘(ta )’)|ag (34)

specified at t, and 0Q, where Q=(t,, T] x Q; Q is an open set in R™ (m-dimensional Euclidean
space); the terminal time T and the spatial domain Q are fixed.

Let the Problem P with condition (3.3) being deleted be called Problem P’. We shall first
obtain the necessary optimality for Problem P’. Then, we shall see how the results are modified
when the inequality constraints (3.3) are added.

4. Necessary Conditions for Problem P

Define a function H by

H(t, y, x(t, y), x(t, y), ult, y), A(t, y)) =
=folt: ¥, x(t, y), xe(t, y), u(t, y), A(t, ¥)
+AT(t, Y F (v, x(8, ¥), X608, ), ult, y)) (4.1)

and consider the first order variation in 0x, 0(x), and du. Using the standard variational
technique results in the following Lemma 1.
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246 M.C. Y. Kuo

Lemma 1 [4]: If (x*, u*) is a pair of extremal solutions of Problem P’, then there exists a
continuous vector function A(t, y) such that

x, =H,=f (4.2)
= —H,~(—1fFH,, » (4.3)
F,=A(T,y) at t=T (4.4)
H,=0 (4.5)
H, ,y-1=0 at y=0Q and t=T. (4.6) .
In the derivation of Lemma 1 the following equality has been utilized [4].
a T
(B (F) = A (=1 () {0y} + (— TFO0T (0,0 @)
where
6 T T
A=<$> {5X)yk H } ( ) {5ka 2 H xy}
o\T AN
+ (“) {(5X)yk—3 Xyk yz} ot (— 1)k_2 - {(5X)y Xy P 2} (48)
0y 0y
and
T T
j j AdQdt = j [(6x)ye-1 Hypo — ... ]de =0 (49)
tg JQ to
for fixed

xy(ta ,V)|a:2= Xyz(t, y)l@.()a ey ka»l(t, y)l@.() .

Now, we shall see how the results developed in Lemma 1 are modified if inequality constraints
(3.3) are considered.

Let the extremal control u*(t, y) and the corresponding x*(t, y) be such that
hi(t, y, x*, u*)=0 i=1,2 ...,
7 =0 | (4.10)
hi(t, y, x*, u*) <0 i=a+1,a+2,...,1.

We shall assume that the matrix

oh,  oh,
ouy " Ou,
=
oh, oh,
ou, ' ou,

has maximum rank at x=x* (¢, y) and u=u*(t, y). Thus, for each t and y there exists a neigh-
borhood of point (x*{(t, y), u*(t, y)) in R"x R”" such that

h(t, y, x, u) =0, i=1,2,...,a (4.11)

may be solved uniquely for o components of u as functions of ¢, y, x and the remaining r—a
components of u. Let us define

u*=col. (uy, ug, ..., u,) (4.12)

UP = Ol (g g 1> Ugy 2 --or Uy) (4.13)

u = col.(u%, v*) (4.14)
and

R =col.(hy, hy, ..., hy) . (4.15)
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Then, there exists a function

u' = U%t, y, x, ) (4.16)
such that

R(t, y, x, U%(t, y, x, ), ") =0. (4.17)
In view of (4.14) and (4.16) equations (3.2) and (4.1) may be, respectively, written as

x(t, y) = (&, y, %, Xy, U, ) (4.18)

H(t, y, %, Xpe, US40, 1) = fo (8, 3, X, Xy, U 08) + 27 (2, Y) F(8, 3, X, Xy, U% 0%) (4.19)
Differentiating {4.17) with respect to x and u°, respectively, gives

(R + R, U%)dx =0 (4.20)

(Ryo+ R U%) St = 0 (421)
from which

U26x = —(R,a) 'R, 6x (4.22)

2,6u’ = —(R,a) ' Rpd0 . (4.23)

It follows from (4.7), (4.22), and (4.23) that the first order variation of H in x, x4, and v’ is
given by

8H = [HT — (He) (Rye)™* R]8x + [(H) ™ — (o) (Re) ™ Rip] 068+ (H, )7 5 () (4:24)

SH = (6x)7 {H, — [(H)T (Rye) ' R.J7} + (0u)T {Hyo— [ (H)” (Rye) ™ * Ry}

+A+(—1)"‘1<(%>T (OX) ey oot} + (= ()T (B ) - (4.25)

or

Consequently, after substituting (4.25) into the first variation in J,, expressed by

5J,,=j SFdQ +j j C5H 7 (5x)] ddt =
B L((Sx)T[Fx—’v(h W) rdQ+

[ O UL~ T (R R 2 (= 1 B+

+(0u)" {Ho— [(Hoe)" (Rye) " Rp] "} +

3 [0 (2 100t daar,

and setting 6J equal to zero, conditions (4.3) and (4.5) become
—H,+[(Ho) (R 'R )" — (= 1)(H,,.p) if h;=0
A= { — H,— (— 1(H,, 1) if =<0
and _
Hy— [(Ho)" (Rye) ' Rp]" =0 if h=0
H,=0 if k<0
where i=1,2,..,aand j=a+1,a+2,...,1

The necessary conditions for Problem P, thus, can be summarized in Theorem 1.
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Theorem 1: If (x*, u*) is an extremal solution of Problem P, then there exists a function

H(t, y, x(t, p), xx(t, y), U%(t, y, x, u°), u°(t, y), (¢, ¥))
=folt: y, x(t, ), x5 (t, y), U(t, , x, w°), u*(2, y)) +

+UE Y f (6 v, x(L y), xpelts ¥), UP(E 3, %, 00), u®(8, 9)) (4.26)
such that
x=H,=f (4.27)
— Ho+ [(Hy) " (Ry) 'R — (= 1¥(H, ) if =0
= U Y (1P, o) 29
~_Hx_(_l) (nyky“) lf hj<0
I_Iu‘7 - [(Hu“)T (Ru“)_ ' Ru",]T =0 lf hi =0
] } (4.29)
H,=0 if h;j<0
F (T, x)=A(T, y) (4.30)
Hy ,p-1=0 for y=dQ and t=T, (4.31)
with specified x(to, ¥), X(t, ¥)logs ---» Xy-1(t, ¥)loq - (4.32)

It will be demonstrated in the following that conditions (4.27-4.32) derived in this paper are
equivalent to that derived from the method of Valentine [6]. Let us introduce a new variable
p=col.(p", p") such that

p°=col.(py, P2, - Po) = — [(Hya) (Rya) " 1]" >0 (4.33)
and

PP =col.(Pys 1, Pakzs s P)=0. (4.34)
Then, we immediately have the following Corollary 1.

Corollary 1: If (x*, u*)is an extremal solution of Problem P and if [(H,;)" (R,») " *]" <0, then,
there exist continuous vector functions A(t, y) and p(t, y) defined by (4.33) and (4.34) such that

x=H=f (4.35)
b= —He—(h) p— (= 1y (nyk ¥) (4.36)
H4(h)p=0 4.37)
F(T,y)= AT, ) (4.38)
Hy,pe-1=0 for y=0Q and t=T (4.39)
Wp;=0 (i=1,2,..,1) and p=0 (4.40)
with specified
x(t(b }’), x(ta y)]B.Q > xy(t9 y)lﬂ!)! ey xyk‘l(ta y)%ﬁ!? M (441)

5. Sufficient Conditions for Problem P
The sufficient conditions for Problem P are summarized in Theorem 2.

Theorem 2: Let (x*, u*, 1*, p*) be the unique solution to (4.35-4.41). If three conditions given
below hold
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(1) F is convex in x, (5.1)
(2) fo and T A are convex in (x, Xy, u), (52)
(3) his convex in (x, u), (5.3)

then, u*(t, y) is optimal for Problem P.

Proof: For simplicity we denote f;(t, y, x*, x%, u*) by f* and f;(t, y, x, x,x, u) by f; (i=0, 1,
..., n). Similar notations are applied to functions F and h; (i=1,2,...,I). Let dx=x—x*,
Su=u—u*, and §(x)= x—x%. Then,

Jo(x, X, u, A¥, p¥) —J, (¥, x5k, u¥, A¥, p¥) =

T

= [ (r-rde + || (-spicdr (54)

T

to

> L} (6x)7 Fuloopd® + J J OV fonct (00 o+ (00) fou} d 2

to
(by the convexity of F and f;)

T

= j Q(5x)TFx|,:TdQ +J L {(0%)" [H,— (f)" 4*]

+ (0%xp) " [Hyyo — (fr,))" A*¥]+ (0w)" [H,— (f,)7 4*] } dQdt

(by the definition of H in (4.1))

= L (6x)TF,|,= rd©2 +J

T

[ 07 =27 = (1" p* — (= VF(Huy0)

to

- gradaea + [ [ (-0 (2 1690 0)

+ (VMO (Ho}ddt ~ | | (307 (1, a0

to v 2

[ [ = (7 arlaar

tg

(by equations (4.7), (4.9), (4.36), and (4.37))

T

— | 69 Fdierd@ +| | 0x7[- 2~ ()%~ (1) ) d0ds

to

T

- J i L (0,7 (fo,0)7 2% dQdt +j

to

[, GuF (=7 o= (7 2¥pagdr (53

to

(by equation (4.39)).

Using integration by part and noting that the incremental variation of x with respect to ¢ at t,
is zero (i.e. dx(to, y)=0) we have

J'T J-Q (0x)T A¥dQdt = J,Q (6x)T 1*|,_ dQ _J'

to

T
L (x,—x¥)T A*dQdt . (5.6)

to

Substituting (5.6) into (5.5) yields
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Jp (6, Xy, u, A¥, p¥*) — T, (x*, xh, u¥, A¥, p*) =

2 [ @0 (Fm¥),-rd2 + |

T

J (x,—xF)T A*dQdt
to /2
T T
+j J’ —(fx5x+fxyk5(xyk)+f,,5u)T/1*det+j j — (h0x+h,6u)" p*dQdt
to /2 to J Q2

T

v

T
j j (xt—x;")Tl*det+.J’
o

to

j (F*—f)T 2*dQd
Q

to

+ j ! L (h* —h)T p*dQat (5.7)

to

(by the convexity of 74 and h, and (4.38))

=jT jﬂ (F—hYT p*dQdt  (by (435))
20. (by (3.3)and (4.40)).

This completes the proof.

6. Duality

Consider the following two problems:

Primal Problem P
Minimize
T
J,= j F(x(T, Y), T)dQ + j j Folts v, %, Xy ) dQlt (6.1)
Q 10 /2
subject to )
Xy =f(t9 ¥, X, xy"n u) (62)
hi(t, y, x, u) <0 i=1,2, .., 0,0+1,..,1 (6.3)
with specified
x(t()a y): x(t7 Y)|m> xy(ta J’)larza ceey xyk“l(ta y)'t’i.Q 3 (64)

where we assume that « < [ of constraints (6.3) are equalities as given by (4.10).

Dual Problem D
Maximize
T
Jd = JQ F(X(Ta )’), T)dQ + j jﬂ {fo(t, Vs X, Xy, M)-l- [f(t, Y, X, Xyx, u) _x,]Ti
to
+h"(t, y, x, u)p}dQdt 65
subject to
Jo= —He— L p—(= (s, (
H+hlp=0 (
F(T,y)=AT,y) 6.
H,_, x-:=0 for y=aQ and t=T (
6

Xyky

p(t, )20 (6.10
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with specified

x(t0: y)a x(ts y)|6.(2: xy (ta J’)lam ey xyk‘l(t7 y)IB.Q (611)

where p=col.(p% p®) is defined by (4.33-4.34).

Equation (6.5) is the Lagrangian form of the Primal problem P subject to constraints (6.6—
6.11) which are the first order necessary conditions for a minimal primal solution as stated
in Corollary 1.

Theorem 3. If F, fo, fT A and h possess the same properties as given by (5.1-5.3), then, the
infimum of Problem P is greater than or equal to the supremum of Problem D.

Proof:. Let(x, u)satisfy (6.2— 64) and let (x*, u*, 1*, p*)satisfy (6.6-6.11). Then, it follows from
(5.4) and (5.7) that :

L [F(x(T,y), T)=F(x*(T, y), T)]d2+

+JTLZ Lfo(t v, X, X, ) —fo (8, y, x*, X, u*)]dQdt

to

T

gJT [, Gty e +j

to

[ (f* f)Tz*detJrf jﬂ(h*—h)Tp*det

to to

> j ! L (f*—x})T *dQdt + J ) L ()7 p*dQadt (6.12)

o

(by (6.2), (6.3), and (6.10)).
Here we note that x*#f*. Rearranging (6.12) gives

T
j F(x(T, y), T)dQ +j f Jolt, v, x, X, u)dQdt
2

z [ Fer(T.y) )dmj [, Uole . 3% x5 u%)

+ [ £t y, x*, x5, u*)=xF]TA*+hT (8, y, x*, u*)p*} dQdt .

Therefore, the infimum of Problem P is greater than or equal to the supremum of Problem D.
Corollary 1 and Theorem 3 immediately lead to the following results.

Theorem 4: If (x*, u*) is an optimal solution of Problem P, then, there exist vector functions
A¥(t, y)and p*(t, y)such that (x*, u*, 2*, p*)is an extremal solution of Problem-D and the extremal
values of Problem P and Problem D are equal.

7. Converse Duality

In this section it is assumed that F, f,, fand h have continuous derivatives up to and including
the third order with respect to each of their arguments. We shall find conditions under which
the existence of an extremal solution of Problem D implies the existence of an extremal solution
to Problem P.

Letus introduce a vector = = col. (%, 1*), which plays a similar role as the vector p = col. (p%, p°)
defined by (4.33-4.34), such that

=col. (14, Ty, «.., T) =0 7.1)

= col{ty11, Tyras - T) >0 (7.2)
Then, it is clear that

pTr=0. (7.3)
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Define J,, H!, H%, and H?3, respectively, by

T

J=1, +j jﬂ{[z,+Hx+h§p+(_1)kHWk]T¢

to
+[H,+hlp]"n+pT<}dQdr,

H'=H'¢, H2=[(—1}H,, "¢ and H=HIy.
Then, with the aid of (4.7-4.9), we have

[ moron=]f fir (&) o
% (— 1) (ox)" (H2,, yk)}dQ dt

- j j{ (— 1y (%)T[(ax)(Hxxy.yk-x)Té]

(L) (o, €1 a2
for fixed

xy(ta y)|3!27 xyz(ta y)IBQ’ xy3(ta y)l@!b sees xy"“(ta y)la!! .

Similarly

j T j o (6x,)" (HZ,)dQdr = J )

to to

J {0 (3) 1000 e

(= )60 (B, ykxy.yafé]}dodz

[ oo i [ {7 (2) ot
+(=1)"(ox)" (H, xwyk)Tn]} dQat .

Taking the variations of éx, dx, éu, 64 and Jp about x*, x}, u*, 1* and p* and noting that
0x(ty, y) =0 we can find that the first variation in J, has the form

8, = j  (Ox(T, ) (Fu= 7Y rd2

T
+j j (Ox) {Ho+hl p+ (=1 H, , e+ [Heo+ (hE p)e4 (— 1 Hy, s
2 N

to
+ (_ l)kaka _v"+ (_ l)Zk nyky"jcyk_v"]Té
+ [Hux+ (h?;p)x"' (_ l)k HHX);I: y"]Tn + lt} det

+ J Tf (0w {H,+hip+ [Ho+ (b7 p)ut (= 1 Hy\ yeu)"E+ [Hun+ (b p)] "0} dQ
Q2 .

[ O (H, = (H) o (= D (LT £ (o) 0= 8 a2

T T
dQ +J J (6p)T{h+h E+hny+1}dQdt
(! Q '

t to

[ (&) (9 et (1 (T

— D" (Hyyy iy )T €t (= 1F 7 (o, )} dQ2

J

+ | e
J
(
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The necessary conditions for Problem D, obtained by setting the first variation in J, equal to
Zero, are

F,(x(T,y), T)= AT, y) (74)
Ho+ b p+ (= 1 (Heyy ) + [Hee (B2 p)e+ (= 1) Ha

(=1 Hep et (— 1P Hy iy, ] ™€

+ [Hyet (b p)ot (= 1) Hy o] = — 44
H,+hy p+ [Hu+ (L p)u+ (— 1 Hy o] T+ [Hu+ (B p)] 0 =0
Hy— X+ (Ho) &+ (= DM (Hy ) S+ (H) T = ¢, (7
&(to, ) =¢(T, y)=0 _ (7.
ht+hé+hn+t=0 4
H,, o1+ (Hpy e )T €+ (= D (Hyy yeye o) €

+(Hyry, ye-1)"'1 =0 for y=0Q and t=T (7.10)

Conditionsin (4.34),(7.1),(7.5-7.7),and (7.9), together with (6.6—6.7) comprise a set of 3n+2r + 21
equations which can be utilized to solve 3n+2r + 2l variables x, 4, £, u, 5, p and t with initial
and boundary conditions given by (6.9), (6.11), (7.4), (7.8), and (7.10).

Theorem 5. If(x*, u*, A*, p*)is an extremal solution for Problem D such that the matrix
M M
M= [ . 12} (7.11)
M21 M22
is nonsingular for all te[t,, T| and yeQ, where
M11 = [Hxx+ (hgp)x+ (-— l)kHka y"x+ (_ l)kaxyg y+ (~ I)Zkay. YR Xy y"]T
M12 = [Hux + (hl{p)x—i_ (- l)kHIlek yk]T
My, = [Ho+ (B p)u+ (= D H ™
M22 = [Huu + (hll;p)u]T >

and if conditions (5.1-5.3) are held for F, f,, f T A, and h, then (x*, u*) is an optimal solution for
Problem P and the extremal values of J, and J, are equal.

Proof: Since (x*, u*, A*, p*)is an extremal solution for Problem D it follows from (6.6), (6.7),
(7.1-7.3), and (7.5-7.6) that

[Hxx+ (th)x+ (_ l)kay. ykx+ (— l)kaka yk+ ( - I)Zkayk YK Xy y]Té

+ [Howt (1 p)e+ (= 1) Ho ] "1 =0 (7.12)
[Hyy+ (b plut (— 1 Hy, o] " €+ [Hou+ (B p)] "1 =0 (7.13)
7(t,y) = 0 (7.14)
=0  i=1,2,...1. (7.15)

Since M is nonsingular we conclude that ¢ =5 =0,forte[t,, T]and ye Q, is the only solution of
(7.12-7.13). Equations (7.7) and (7.9) now become

f—x,=0 (7.16)
h=—-1<0 (7.17)

in view of (7.14) and (4.1).
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Hence (x*, u*) satisfies the constraints of Problem P. Also, equations (7.15) and (7.17) imply
that

pTh=0. (7.18)
The theorem now follows from (7.16-7.18), (6.1), (6.5), and Theorem 3.

Remark: For convexity of F, fy, fT 4, and h the condition that the matrix M be nonsingular
is equivalent to the condition that M be positive definite,

8. Example

The mathematical model for a temperature x (¢, y) variation in a slab, with both faces insulated
at y=0 and y=r and with initial temperature x,(y), may be described by

=cxp2(t y)+ult y), (6 y)eQ@=(0, T)x (0, n)
= xo()’): yE(O, TL'), x0€R1 ‘

~

x,(t, y
x(0, y
xy(ta y)|y=0 = xy(t> y)|y=1r = 0 s

where x, = 0x/8t, x,» = 0%x/8y?, and u(t, y) is a source of heat in Q with

~

lu(t, )| < L (L is a positive constant)
and c is the thermal conductivity.

Problem P: Minimize

Jp= %f Tfo [ (¢, y)+ru?(t, y)]dyds (8.1)

0
subject to
X=X 2+u
hiy=u—LZ0
hy=—-u—-LZ0
with specified

x(Oa y) = xo(Y)
and
x,(t, 0)=x,(t, 1) =0

where r is a given constant,

Problem D: Maximize

T r=n
Jd=§ S (30 +ru?)+(exp+u—x)A+hyp, +hyp,] dydt (8.2)
0lJo
subject to
A= —X—Chy
ru+i+p;—p,=0
p1=0, py 20

with initial and boundary conditions
AMT,y)=0, ALEWE=0, x(0,y)=x,(y), x,(t NE=0.

It can be shown that the matrix M in this example has the form
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M, M, o r

It is clear that M is nonsingular if » >0.

Let (x*, u*, A*, p*) be the extremal solution to Problem D. Then, according to Theorem 5
(x*, u*) is the optimal solution to Problem P if r >0. The condition that r >0 to achieve the
optimal solution for Problem P is similar to that of the minimum energy problem in the
lumped parameter systems [ 7], where it is required that the matrix R in the performance index

tr
I=4 " 0000 +u O Ru()] d
to
be positive definite for te [z, t, ].
9. Conclusion

The main contribution of this paper is to develop dual and converse dual theorems for a wide
class of distributed parameter systems. The dual theorem gives conditions under which an
extremal solution of the primal control problem in the distributed systems yields a solution of
the corresponding dual. The converse duality, on the other hand, gives conditions under which
a solution of the dual problem yields a solution of the control problem. An example for the
applications of the theory is illustrated.
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